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Abstract 



We study and construct non-abelian hermitian Yang-Mills (HYM) instantons on Calabi- 
Yau cones. By means of a particular isometry preserving ansatz, the HYM equations are re- 
duced to a novel Higgs- Yang-Mills ñow on the Einstein-Káhler base. For any 2<ic-dimensional 
Calabi-Yau cone, we find explicit solutions of the ñow equations that correspond to non-trivial 
SU(dc) HYM instantons. These can be regarded as deformations of the spin connection of 
the Calabi-Yau cone. 



1 Introduction 



The lack of explicit solutions can sometimes hinder the progress of a given field of theoretical 
physics. This is to some extent the case with Calabi-Yau (CY) compactifications of the 
heterotic string, which are of interest for obtaining Grand Unified Theories. In this context, 
one is required to specify both a (compact) CY manifold and a non-trivial non-abelian HYM 
instanton on that manifold [1]. It is a well known problem that neither the Ricci-ñat metrics on 
the CY manifolds ñor the non-abelian HYM instantons over them are explicitly known. This 
forces us to study only those features of the effective low-energy theory that are determined 
by the topological properties of the CY manifold and the HYM instanton. One of the reasons 
for this state of affairs is that compact CY manifolds do not possess continuous isometries. 

In this paper we approach this problem by studying HYM instantons over non-compact 
Ricci-flat Káhler cones, dubbed Calabi-Yau cones in the following. This is, of course, a drastic 
simplification of the problem, but it might give us some intuition on what happens in (certain 
limits of) the compact case. One of the main valúes of this approach lies in the fact that 
infinitely many explicit metrics on CY cones [2-6] have been constructed in recent years. In 
this paper we develop a recipe that will allow us to construct a 1-parameter family of SU(dc) 
HYM instantons on any CY cone d£-íold, given the spin-connection of the cone. Each of these 
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solutions is a deformation of the spin-connection, to which it converges at the apex of the 
cone. 

In contrast to the compact case, Ricci-flat metrics on CY cones always possess at least one 
continuous isometry - generated by the so-called Reeb vector field. This naturally suggests an 
ansatz for the HYM connection that preserves this symmetry in the presence of the instanton 
background too. As we shall show in this paper, the resulting hermitian YM equations can 
then be interpreted as describing a new Higgs-Yang-Mills flow, with the radial coordínate of the 
CY geometry assuming the role of the ñow parameter. This ñow takes place on the compact 
Einstein-Káhler (EK) base of the CY cone, and - for bounded and non-trivial instantons - 
interpolates between two distinct YM instantons, both of them extrema of the Yang-Mills 
functional on the EK space. There is also an adjoint Higgs-field whose valué must change 
under the flow. The explicit SU(dc) instantons over CY cone dc-folds presented in this paper 
are particular solutions of these flow equations, constructed using the spin-connections of the 
EK bases. Instanton solutions for other symmetry groups can also be constructed explicitly 
and will be presented elsewhere [7]. 

From the viewpoint of heterotic compactifications, the present work should be seen as a 
first step towards a more ambitious goal, namely the construction of HYM instantons over 
resolutions of CY cones. It would be an interesting challenge to determine the moduli space 
parametrising the combined deformations of the resolved CY cone and of the HYM instanton. 
We would then be in the position of obtaining and studying the Káhler potentials for a large 
class of 4d heterotic theories, thus going beyond the single known example [8] of a Káhler 
potential that includes the instanton moduli. 

The paper is organised as follows. We first review, in section [2j several useful facts about 
the geometry of Káhler and Calabi-Yau cones. This is followed by a discussion of the hermitean 
Yang-Mills equations on Calabi-Yau cones in section There, we present an ansatz that 
trades the HYM equations on CY cones for Higgs-Yang-Mills flow equations on Einstein- 
Káhler spaces. In section U we find and discuss a class of solutions to the aforementioned flow 
equations. Concrete examples of such solutions are presented for three different CY cones in 
section [5j We cióse with a few remarks on open problems and directions for future research. 

2 Calabi-Yau cones 

We are interested on HYM instantons on Calabi-Yau cones, that is Ricci flat Káhler cones. 
We begin by reviewing some generalities on Káhler spaces and setting up the notation, before 
specializing to the cones. 

2.1 Káhler spaces 

A Káhler metric can always be locally written as 

ds 2 = 2JC fj dz l ®dz j , (2.1) 

where Kfj = didjlC(z, z) and K(z, z) is the Káhler potential. Clearly, this implies that the 
Káhler 2-form, 

J = -HCq dz l A dz j , (2.2) 
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is closed. Let us introduce an orthonormal frame 

e¿ = gljdzP , (2.3) 
defined in terms of a squared matrix g of rank de satisfying 

(99% = % , (2.4) 

such that now 

ds 2 = 2e¿ <8> e~i , J = — ¿e¿ A e¿ . (2-5) 
The spin-connection íl, determined by 

da + Qi k A e k = , (2.6) 

can be shown to read 

n = g- 1 dg + gW 1 , (2-7) 

for a Káhler space. This means that is the connection of a holomorphic vector bundle. It 
is useful to split the spin-connection into its holomorphic and anti-holomorphic parts 

n = A + Á, (2.8) 

with A = g~ 1 dg and Á = —A^. The holomorphy of the tangent bundle is then equivalent to 
the fact that 

Fi,o{A) = dA + AAA = . (2.9) 

Then, the only non-vanishing piece of the tangent bundle's curvature 2-form is the (1, 1)- 
component that reads 

K(ü) =F 1A (A,Á) =5A + dA + AAA + AAA. (2.10) 

For future use we also note that 71/ A ej = 0. 

The curvature 2-forms of Einstein-Káhler spaces have the particularity of satisfying the 
so-called hermitian Yang- Mills equation (HYM), 

KP-R$ = l¿ á , (2.11) 
*J 2d c 

with R = —2K l ididj lndet(/C a ¿) being the (constant) scalar curvature. This can also be neatly 
rephrased as 

jd c -i An = nJLjdc ; (2.12) 
2d c 

which, in the particular case of a Calabi-Yau c/c-fold reads 



J d c- 1 AK = 0. (2.13) 
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2.2 Káhler cones 



A rather well studied class of non-compact Káhler spaces is that of Ricci-flat Káhler cones, 
with an infinitely large number of explicit metrics being known by now [2-6]. By definition, 
any 2dc = 2(n + l)-dimensional Káhler cone is a cone over a (2n + l)-dimensional Sasaki 
space, which in turn is a line bundle over a 2n-dimensional Káhler base. In the following, 
we introduce local complex coordinates w l (i = 1, . . . , n) for the latter and denote its Káhler 
potential by )C(w,w). The Káhler potential for the cone can then be written as 

Kc = \z\ 2 e 2K ^ = ^p 2 , (2.14) 

where z G C vanishes at the apex of the cone. With z = pe- K e i4 >/\/2, we find that the metric 
of a Káhler cone, 

ds 2 c = dp 2 + p 2 ds 2 {Y) , p>0, (2.15) 
is determined by the metric of a Sasaki space Y 

ds 2 (Y) = 7] 7] + 2K fj dw i dw j , (2.16) 

where the 1-form 

v = dtj> - i{d - d)K , (2.17) 

is the dual of the Reeb Killing vector field. Clearly, the real coordínate p has the interpretation 
of a radial coordínate measuring the distance to the apex of the cone. 

The 1-form r¡ determines the Káhler 2-form of the 2n dimensional base, 

J = ~dr], (2.18) 

as well as the Káhler form of the cone, 

J C = -\d(p 2 n) . (2.19) 

Likewise, the curvature of the cone is fully determined by the Káhler base geometry. For 
instance, the Ricci 2-form reads 

Tlicc = 2(n + l)J + TZic , (2.20) 

while the scalar curvature 

_ «-M.ID 

p ¿ 

Henee, imposing the Calabi-Yau condition on the cone implies that the base space is Einstein- 
Káhler with the scalar curvature being set by the dimensionality of the cone as 

R = 4n(n + 1). (2.22) 

Equivalently, one can state that the Káhler base has U(n) holonomy and its curvature is HYM 
with 

J"' 1 MZ = it 2 ^ n + l \ j n , (2.23) 



n 



(or Kfj-Rf. = 2{n+l)5 ab ). 
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The HYM instantons that we will present in section 0] can be regarded as deformations of 
the CY cone's spin-connection Qq- As such, it is useful to have an expression for fie m terms 
of the spin-connection on the Einstein-Káhler base. Recall that fie is determined by a rank 
(n + 1) square matrix g (cf. Eq. (¡2.7p ). which in the case of a cone can be written as 

'-«"(-¿^ ^ hsb ) ■ < 2 ' 24 » 

where h is a rank n matrix determining the spin-connection of the Káhler base. (In particular 
we have (hh^) ba = /C a j.) The holomorphic part of fie is then straightforward to compute 

^ =»-'*=( Cl . + v«c)- (2 25) 

where, for convenience, we introduced the orthonormal frame e¿ = h\ a dw a , and C = h~ 1 dh 
is the (holomorphic part of the) U(n) spin-connection on the Káhler base space. We should 
note that Ac is determined only up to gauge transformations which, by definition, are unitary 
transformations acting on g from the left, leaving gg^ invariant. 

Imposing that the cone is Ricci-flat implies Ac to be an SU(n + 1) connection. In fact, for 
C this implies that 

tr(C) = -(n + l)dJC , (2.26) 

and thus 

IZic = i tr(Tl) = i2(n + l)ddK = -2(n + 1) J . (2.27) 

Then, upon the use of Eq. (¡2.20p this implies the CY condition, IZicc = 0, to be satisfied on 
the CY cone as it should. 

In the gauge we are using here, the curvature of the tangent bundle of a cone is straight- 
forward to compute and gives 

Uc = ( TZ ba - 2{ó^5 ba + ó^ó bi )ei A e- ) ' (2 ' 2§) 

Below, we will discuss HYM instantons over CY cones. In particular, we will see that if (¡2.28¡) 
is to satisfy the HYM equation (i.e. Jq A TZc = 0) one should then have 

jn-i A ( U ba _ 2 (S f ió ba + 5 a h bi )ei A ej) = . (2.29) 

This is, indeed, equivalent to Eq. (¡2.23p . 



3 The HYM equation on Calabi-Yau cones 

Compactifications of the heterotic string with 4d Áí = 1 supersymmetry at low energies 
require, to lowest order in a' , selecting both a Calabi-Yau 3-fold and a hermitean Yang-Mills 
instanton over the Calabi-Yau 3-fold. In this section, after presenting the HYM equations 
for CY cones, we will use a particular ansatz to suggestively rewrite the HYM equations as 
a (novel) Higgs- Yang-Mills ñow. We will also derive a few general features of any instanton 
that is a solution of these equations. 
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3.1 Holomorphy and DUY conditions 

Given a Calabi-Yau manifold of complex dimensión de = n + 1, an hermitian Yang-Mills 
instanton with curvature J- and ci(J-) = must satisfy 

•^"(2,0) = (holomorphy) (3.1) 

JS A ^(l,l) = ( DUY equation) (3.2) 

The holomorphy condition and the Donaldson-Uhlenbeck-Yau equation are sometimes also 
referred to as F-term and D-term conditions, respectively. In this paper, we want to find and 
study solutions of these equations over generic Calabi-Yau cones. We use the results of the 
previous section to write J£ as 

J™ = p 2n J n - np 2n ~ l dp A r, A J^ 1 . (3.3) 

It then follows that any solution T of the DUY equation (Eq. (¡3.2| )) must be of the general 
form 

^ = T-¿ + F^eAe - ^2JC fj dw i A dw^j + (3 A e + A e , (3.4) 

where Tí, f3, and ¡3 are respectively (1,1), (1,0) and (0, l)-forms tangent to the base of the 
cone, F is a function, and we introduced 

dz ,„ , dp , 

e = — + 2Kidw % = — + ir]. 3.5) 

z p 

Moreover Ti. is constrained to satisfy 

J n ~ 1 AH = 0. (3.6) 

The latter equation can be interpreted as a DUY equation on the Einstein-Káhler n-fold 
(spanned by the coordinates w 1 ^ 3 ) that must be satisfied fiberwise at any valué of z. This 
fact motivates us to attempt a construction of HYM instantons on CY cones using instantons 
on the Einstein-Káhler space as seeds. 

3.2 An Ansatz and a flow 

Here, we consider a simplifying but natural ansatz for the gauge instanton. Namely, we assume 
that the gauge instanton does not depend on the coordínate <fi related with a natural isometry 
of the CY cone. To be more precise, we write the gauge connection as 

A = A e {t, w, w)e + Bi(t, w, w^w 1 , (3.7) 

where t = Inp 2 . The holomorphy condition J-2,o{A) = then decomposes as 

T 2 ,q{B) = , (3.8) 

and 

d t B = D B {<$> + iA t ) , (3.9) 

where $ = Re(^4 e ), A t = Im(»4 e ) and D& = d + [B, ■]. We note that while $ can be re- 
garded as an adjoint Higgs field, At transforms as a component of a real gauge field under 
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(</>-independent) gauge transformations. This is relevant for then we can use an axial gauge 
choice to set At = 0, thus simplifying Eq. (¡3.9p . On the other hand we find 



F = -2d t <5> , (3.10) 

U = F X1 (B)-- [d t <S> + n$l Wñdw* A dw j , (3.11) 

n J 

and 

P = -dtB-D B G>, P = -fi. (3.12) 

To summarize, assuming a 0-independent gauge field as well as the axial gauge, the equations 
for HYM SU(N) instantons on CY cones read 

^2,o(£) = > ( 3 - 13 ) 

d t B = D B <¡> , (3.14) 

and 

t <¡> = -n$ + \K$F i3 . (3.15) 

It is interesting to notice that these equations describe a Higgs-Yang-Mills ñow, parametrised 
by t, on the Einstein-Káhler base manifold. Recall that in the Yang- Mills ñow of [9, 10], 
instead of fl3. 15fí one has 

d> = -Kf*T Cj , (3.16) 
leading to a ñow equation for holomorphic connections 

8 t B = -DsiKPT.f) . (3.17) 

It is well known that this implies the Yang-Mills ñow to be a gradient (or heat) ñow for the 
Yang-Mills functional J tr(A? J J'if) 1 ■ It has the nice property that the gauge connection ñows 
to a fix point that minimises the Yang-Mills functional. 

The ñow we introduced above has nice properties of its own, as we now describe. We must 
require that our solutions give rise to finite instanton numbers. This imposes that at t = ±oo, 
i.e. both at the apex of the cone and at asymptotic infinity, we must have = dtB = 0. In 
other words, the ñow we are searching for must interpólate between two fix points of the above 
flow equations. We shall denote the fix point at t = +oo UV fix point, the one at t = — oo IR 
fix point. Now, the fix points satisfy the following set of equations 

^*2,o(B) = , (3.18) 

D B (V^ fj ) = , (3.19) 

and 

$ = . (3.20) 
Further insight on the flow can be obtained by looking at the functional 

M(t) = (8 t + n) [ tr($ 2 ) , (3.21) 

JEK n 

which can easily be shown to satisfy 

d t M{t) = f tr (2(¿> t $) 2 + \D B <S>\ 2 ) > . (3.22) 

JEK n 



7 



Clearly, according to (¡3.20p . at the fix points M(t) is proportional to the Yang-Mills functional. 
Moreover, Eqs. (¡3.2ip and (13.221) imply that M(t) is a growing, semí-positive ñmction of t. 
Semi-positiveness follows from noting that at the IR we have Mjr = n J EK tr(<J? 2 (— oo)) > 
and M(t) is growing with t. Then, we also find that &uv = ${t = +00) 7^ 0, otherwise 
dt& = dfB = everywhere and the instanton would be uninteresting in (n + l)-complex 
dimensions. 

The upshot of this discussion is that any interesting (í.e. non-trivial and bounded) solu- 
tion of the above set of equations must interpólate between one extremum of the Yang-Mills 
functional over the Einstein-Káhler space at asymptotic infinity (UV) , and a second extremum 
with a smaller valué of the same functional at the apex (IR) . Recall that an hermitian Yang- 
Mills connection is an absolute minimum of the Yang-Mills functional, which vanishes there 
(for semi-simple Lie groups). As such, it is conceivable that at the apex the holomorphic 
connection B approaches a HYM connection over the EK base manifold. In the SU(n + 1) 
case, there is an obvious such connection, namely the spin-connection of the Calabi-Yau cone. 
In the following section, for each CY cone, we will be able to construct smooth SU(n + 1) 
instantons that, indeed, are described by a ñow from a non-HYM, holomorphic solution of the 
Yang-Mills equations over the EK base at the UV to the spin-connection at the IR. Likewise, 
we will see that at the UV the adjoint "Higgs" $ has a non-vanishing VEV that ñows to zero 
at the IR. 



4 SU(n + 1) HYM instantons 



We shall consider the simplest SU(n + 1) ansatz to solve the above ñow equations on a CY 
cone (n + l)-fold. That is, we assume that 

*=^> s - E =(¡-¿iL)' <"> 

which readily implies that dtB = [B,<&]. By contrast, for B we still take the most general 
possible ansatz, with 

B=( * r M . (4.2) 

Eq. (¡3.14p then implies that dta = = dfT, while 

n + 1 

8 t E ± = ±^—^(t)E ± , (4.3) 
n 

and thus 

E±{t,w,w) = e ± ^^ tpdt El(w,w) . (4.4) 

According to the discussion at the end of previous section, for any non-trivial instanton we 
must have &uv 7^ 0. It then follows that also (puv an d either E- or E+ must diverge 
at t = +00, unless one of these vanishes everywhere. To avoid a singular instanton at the 
UV, we will take E®_ = 0, denoting E + = E from now on. Notice that one could instead set 
E^ = 0, but this would simply amount to a different gauge choice. 

Getting back to the condition that B should be holomorphic (^2,0 (B) = 0), we learn that 

da = o , ar + TAr = o, (4.5) 
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and 

dE° + E° Aa + T AE° = . (4.6) 

We already know one solution to this set of equations, given by the components of the CY 
cone's spin-connection Ac (see Eq. (|2.25| )). We shall consider this possibility here, leaving a 
discussion on the general situation to the appendix. We thus set 

a = dK , = -y/2 e b , T b a = C b a + 5 b a dK . (4.7) 

It is then not difhcult to compute the curvature of B along the EK base, 

HB) = Kc + 2 (exp (£±1 í & )- l)( ¡ * „ ° , ) , (4.8) 



(4.9) 



n J J 7 V ~ e b A e a 



and to find that 

K l3 TfAB) = 2n 



exp 2 / (pdt — 1 



n 

Plugging this back in Eq. (¡3.15|) . we finally obtain the flow equation for (p(t), 

8^ + n(p + | (l - exp {^^- j <fdt\ \ = . (4.10) 

This equation determines the radial dependence of our HYM instanton, and as such it is 
important to understand its solutions. We can get some insight by recasting Eq. (l4.10p as 

X" + X' = -^-(x-Me x ' M ) , (4.11) 

where X = 2n f (pdt, primes denote differentiation with respect to r = nt, and M = n 2 /(n+l). 
Equation (¡4.1ip describes the motion of a damped particle in the potential V (X) = X — 
Me x ¡ M . This potential has a máximum at X = 0, and two runaway directions towards 
X — > ±oo. The solutions of interest, that is the solutions that lead to instantons of bounded 
curvature and finite instanton numbers, are those that start at the máximum at r = — oo 
{X¡n = 0) and have X(t) < for finite r. The case of 4d CY cones (n = 1), i.e. when the 
base is CP 1 endowed with an Einstein-Káhler metric, is simple to solve, for in this case (I4.1ip 
reduces to the first order equation 

X' = -l + e x . (4.12) 
The solution depends on a single parameter ío an d reads 

X = -Hl + e^), v = -i —±— . (4.13) 

The parameter ío can be thought of as the instanton's size modulus. 

The asymptotic behaviour of ip = X' ¡2 is relevant for the computation of the instanton 
numbers and its form for general n can easily be found 

f —lele* , t — oo / . . .\ 

In more detail, the large t asymptotic behaviour for n > 2 is 

X = -n{t-t )-^ l e-^-^ + ... (4.15) 
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Y 2 2 M - 1 

As it is manifest here, apart from the dimensión of the EK base n, the instanton solutions 
presented above depend only on one parameter, the instanton's size to- In the large instanton 
limit (¿o = +oo) we recover the spin connection of the CY cone, while in the small instanton 
limit (¿o = — oo) there is a transition from an SU(n + 1) down to an SU(n)xU(l) instanton. 
At this so-called small instanton transition, the second Chern character at z = undergoes a 
discontinuous change, decreasing by 

ln + 1 JAJ, (4.17) 



2vr 2 



n 



and the third Chern class jumps to zero. These are the mathematical facts, but there is a 
physical side to this story too. Recall that in heterotic string compactifications the second 
Chern character of the instanton is as a source of 3-form flux that must be balanced against 
the second Chern character of the background CY geometry in order that the configuration 
preserves a minimum of supersymmetry and is stable. One might then worry that the theory 
stops making sense in the small instanton limit, unless some physical process introduces a new 
source of 3-form flux to compénsate the removal of (part of) the gauge instanton at z = 0. 
In 6d compactifications, this physical process turns out to be the nucleation of a 5-brane 
wrapped on the holomorphic cycle dual to the 4-form (¡4.17p . This has been elucidated in [14] 
and discussed with specific examples e.g. in [15,16]. 

It is instructive to go back and describe our SU(n + 1) instantons from the point of view of 
the Higgs-Yang-Mills fiow on the Einstein-Káhler n-fold. The flow starts at the UV fix point 
with an SU(n)xU(l), non-hermitian, instanton over the EK n base, and an adjoint Higgs 
$ with a non-vanishing VEV. This VEV is covariantly flat. Once we are an infinitesimal 
distance away from the UV fix point, the adjoint Higgs does break the gauge symmetry, and 
this induces a fiow of the gauge field B that now becomes a fully-fiedged SU(n + l) holomorphic 
connection on EK n . It is not difficult to check that under the fiow the Yang-Mills functional 
is monotonically decreasing. As such, at the IR one attains the absolute minimum of the 
Yang-Mills functional and <I> = 0. At this (fix) point the gauge field B becomes the connection 
of an HYM instanton over the EK n base space, but now with SU(ra) gauge symmetry. Notice 
that the gauge bundle over the EK n base undergoes two relevant changes. It starts at the UV 
as the tensor product of a rank-n bundle with a line bundle. Then it is deformed and fiows 
as a rank-(n +1) gauge bundle until its rank is reduced by one unit at the IR. There are no 
other changes in the topological data in the sense that 

tiF{B) k = ttK h c , (4.18) 

for any valué of k and — oo <t< +oo. 



4.1 Instanton numbers 

The instanton numbers, obtained by integrating the d-th Chern character over the CY d-fold, 




(4.19) 



are of physical interest. We shall compute them here only for CY cone 2-folds and 3-folds, for 
these are the most relevant cases for heterotic compactifications. 
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The instanton's curvature 2-form F{Á) is obtained using Eq. (¡3.4p and Eqs. (¡3.10p - (|3.12p . 
For the n = 1 case we easily find that 



tr(jT A T) = -16 [2(d t vf + (d t e 2 '^) 2 
= -16d t (d t + l)(p 2 dt Ai] A J 



e A e A e A e 

(4.20) 



Then, the instanton number on a CY cone 2-fold can be computed in terms of the 2nd Chern 
character as 

Note that this computation is a mere check of well known results. 

By contrast, the n = 2 case that we shall treat now, is new. A straightforward but lengthy 
calculation leads to the following result 

trf 3 = -i3d t <pdt ArjA trK 2 + il2f(t)dt Ar¡ A J 2 , (4.22) 

where we introduced the í-dependent function 

f(t) =Ve 3 ^(^ - 1 + ip + e 3 ^) 

-d t ip(2(d t ip) 2 + 6-Qip-2(l-ip) 2 -2(l-ip)e 3 ^ + e^^ , ^ 

that vanishes both at the apex and infinity. We define the instanton number N3 as the 3rd 
Chern character integrated over the CY3 cone. We find it to be finite, being given by 

-3 1 í , fiTi\ 2 , K 



where 

« + OO 



K = / f(t)dt , (4.25) 
J —00 

is a finite number that does not depend on the choice of EK2 base manifold. A numerical 
estimate gives K = 7/6. Notice that given that the valué of K is the same for any CY cone 
3-fold, the instanton number ÍV3 depends only on the geometric and topological properties of 
the base spaces, namely the volume of the SE5 space and the volume and Euler number of 
the EK2 base space. 



5 Examples 

In this section we work out three concrete examples. We start by discussing the SU(2) instan- 
ton over the CY cone 2-fold C 2 /Z2. We then move on to consider SU(3) instantons over two 
CY cone 3-folds: the C 3 /Z3-orbifold and the conifold. 



5.1 The C 2 /Z 2 orbifold 

One useful way of regarding the C 2 /Z2-orbifold is as being obtained by letting the single 
non-trivial compact 2-cycle on the Eguchi-Hanson space [11] collapse. Explicit SU(iV) HYM 
instantons over the latter have been constructed a long time ago, exploring the fact that the 
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Eguchi-Hanson space is 4d hyperkáhler and the hermitian Yang-Mills instantons are self-dual. 
In particular, the SU(2) instanton that we now construct along the lines of the previous section 
has been known in the literature already for a while [12]. 

The C 2 /J-2 orbifold is a cone over the Sasaki-Einstein S 3 /J.2, that itself is a U(l) bundle 
over CP 1 . The Einstein-Káhler potential for the latter is 

/C = lln(l + H 2 ) , (5.1) 



and the einbein reads 

1 dw 



V21 + \w\ 2 

Specializing the general solution of the previous section to the present case we obtain 



(5.2) 



Idz 1 / ±e , 

A = -2-^ + TTé^{ -V2r ^ 



íe - 5 e 



In a more convenient gauge, obtained via a 0-dependent gauge transformation U = é 1 '*" 73 , the 
connection can also be written as 

Á ' = rlAU + U ~ 19U = TT^ ( -% -l ) ' (5 ' 4> 

Here, we used a different but equivalent einbein e' = e 2l( ^e. Let us also write down the 

curvature _ 

e*"* ( £ Ae-2eAe — 2\/2e A é 



(l + e i - i o)2\ v -2^eAe -eAe + 2eAe)' (5 ' 5) 

(^"(^4') can be obtained from (|5.5j) replacing e by e'.) We notice that .F(.A) approaches IZc = 
both at the apex of the cone and at infinity. This is not the case for 1. The instanton 
number can be explicitly shown to agree with the calculation of the previous section 



To obtain this result we used that on the S s /J.2 orbifold, the periodicity of (¡> is halved, 

4> ~ 4> + 7r - 

It would be interesting to consider also SU(2) instantons over the Eguchi-Hanson space, 
the blowup of the C 2 /J-2 orbifold. These are well-known, albeit not in a form that makes the 
complex structure evident. 



5.2 The C 3 /Z 3 orbifold 

The next example is the C 3 /Z3 orbifold. This CY cone 3-fold has a CP 2 EK base, the Káhler 
potential of the latter being 

IC = hn(l + \w 1 \ 2 + \w 2 \ 2 ) . (5.7) 

We do not need to compute the spin-connection for this cone, for we know it to be ñat outside 
the orbifold singularity, henee IZc = 0. (For more details on the C n /Z n -orbifolds and their 
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resolutions we refer the interested reader to [13] and references therein.) It readily follows 
that 

till 2 = -12J 2 , (5.8) 

and thus, the instanton number reads 

2K-3 f 2 2K-3 



y svz /' Aj =— • < 5 - 9> 

5.3 The conifold 

The final example of this section is an SU(3) HYM instanton over the conifold. We recall that 
the conifold is a cone over the Einstein-Sasaki manifold T > = (S 3 x S' 3 )/U(l), that in turn 
is a U(l) bundle over EK 2 = CP 1 x CP 1 . The Káhler potential on the base can be taken to be 

K = \ ln(l + lu» 1 ) 2 ) + - ln(l + |w; 2 | 2 ) , (5.10) 
3 3 

and the resulting EK 2 metric is manifestly toric. It is useful to introduce the zweibein 

1 dvjÍ fKi-n 
e¿ = —p= ¡ — , 5.11 

v/31 + M 2 

in terms of which the (holomorphic part of the) spin-connection on CP 1 x CP 1 can be written 

as 



leading to 



5 e 2 A e 2 ' 



It follows that IZic = itv(TZ) = — 6J, as expected. Computing the conifold's spin-connection 
and curvature is also straightforward. We find 

, 

A c = ^=\ -\/6ei -2w 1 e 1 +w 2 e 2 I , (5.14) 



V3 

and 



-\/6e 2 w 1 ei — 2w 2 e 2 





Kc = 2\ eiAei-e 2 Ae 2 —e\ A é 2 | . (5.15) 

— e 2 A éi —e\ A éi + e 2 A é 2 

One can easily check that J¿ A T^c" = 0. The following identities are also simple to obtain: 

trft 2 = , (5.16) 

tr^c = 12J 2 . (5.17) 
In the present case, we can consider a more general ansatz for $ than in section 01 

<Pl(t) + <p 2 (t) 
$ = | -fi(t) j . (5.18) 

-ip 2 (t) 
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As before, we take a = <9/C and T = C + (d/C)l, while 

Ek = -V2e f > t+lpl+lp2)dt ei . (5.19) 

With these choices, <í> and B satisfy the holomorphy conditions fl3. 13fí and (I3.14p . The DUY 
equation then leads to two coupled differential equations for <p\ i (í): 

2d m + Aifi + 1 - ^ItM+^+f^dt = Q _ (5>2Q) 

Imposing the condition that at the IR (i.e. t = — oo) one has dt<fi = 0, it follows from Eq. (¡5.20p 
both that ti = — oo and íp\ R = 0. Introducing the variables 

Xi = 2 I (^ i + i Pl + <p 2 )dt , (5.21) 

J — oo 

we can now recast the flow equations (15.201) as 

d?X l + IdtX, = -Ga (X 1 +X 2 - e Xl - e x * ) , (5.22) 

with metric 

Gq = ( \ 2 ) • (5-23) 

The above equation describes the damped motion of a particle in a 2D space with metric Gy, 
in the potential V = X\ + X 2 — e Xl — e X2 . By definition we have X¿ = 0, and inspection of 
the above equations for Xi ~ shows that there are only four branches of solutions satisfying 
these boundary conditions. In fact, we find that for í<0 either X\ = X 2 or X\ = —X 2 . Since 
only solutions with X¿ < lead to finite instanton numbers, we see that the only interesting 
branch of solutions is the one with X% = X 2 < at t <C 0. In fact, the symmetry under 
interchange of X\ and X 2 implies then that X\ = X 2 for all valúes of t, and we are back to 
the solutions discussed in sectionU with ipi = (p 2 = <p/2. Given that tr7£ 2 = 0, the instanton 
number of our SU(3) instanton over the conifold is 

where we used that <f) ~ <f) + Att/3. 



6 Future directions 

We cióse with a short discussion of open problems and future work. In this paper, we con- 
sidered a natural ansatz that reformulates the hermitean Yang-Mills equations on Calabi-Yau 
cones in terms of a suitable Higgs- Yang-Mills ñow on Einstein-Káhler manifolds. This new 
perspective helped us finding - for any CY^ cone - a family of SU(cZ) instantons that depend 
explicitly on a single parameter, the size modulus ío- One expects however more general 
multi-parameter solutions to exist, that should be connected to our instantons by smooth 
deformations. In fact, it is known that the instanton moduli spaces should be Káhler, henee 
at least two-dimensional. Typically, at least some of the extra moduli that we are missing 
here should be related to global gauge transformations. It is an interesting open problem to 
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find the number of these moduli and understand the geometry of the instanton moduli space 
Ai. A na'íve computation shows that the metric (and the Káhler potential) of Ai should 
be proportional to e nt ° . This leads us to conjecture that Ai should itself be a Káhler cone, 
with po = e nt °/ 2 playing the role of the radial coordínate. We will report on this issue in a 
forthcoming publication [7]. 

As we have already mentioned, there is a large family [17] of CY cones that can be (at 
least partially) smoothed out. It is an interesting problem to find out if the construction we 
presented herein can be easily modified to take into account the deformation of the geometry 
at the tip of the cones (i.e. at the IR). In particular, one might wonder if there is a family 
of instantons that converges to the one we found in the present work as we take the singular 
limit on the CY geometry. Explicit instantons on these smooth non-compact CY's should be 
of interest not only for computable toy models for heterotic supergravity compactifications, 
but also in the context of the gauge/gravity duality. Several properties of the 4d field theory 
duals should be intimately related to the features of the Higgs-Yangs-Mills fiow we described 
in this paper. 
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A More general instantons? 



In the following we shall consider the possibility of finding SU(n+l) instantons on CY n+ i cones 
with the ansatz of section 0] other than the ones already discussed therein. For convenience, 
we write 

b =(e r° ) • (A-i) 



with 



Ei = -cov^exp ( I ipdt ) E$ , (A.2) 



and recall that E®, a and r¿,- are í-independent. Once the holomorphy condition is satisfied 
at a given t, it is automatically satisfied also at any other t. Actually, one can multiply Ei by 
any (í-dependent) number to get a new holomorphic connection. 

Assuming the above connection to be holomorphic, we now want to learn which constraints 
follow from the DUY equation. It is not difficult to find the following two conditions: 

(8E° + (f ¿j - Stjá) A Bfj) A J n - X = , (A.3) 

and 

E¡ A E% A I a - 1 oc Sij J n . (A.4) 

Eq. ()A.4p implies that the n- vector 1-form E® is related to the n-bein e¿ by a U(n) transforma- 
tion. If this is the case, then by suitably rescaling cq and changing the choice of orthonormal 
n-bein we can safely set E® = e¿. 
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Let us introduce the connection £>' defined as 



According to the previous discussion, if B is holomorphic as we assume, then B' is holomorphic 
too. On the other hand, we see that the DUY implies also that 

Fi,l{B') A I a - 1 = id ZJ n , (A.6) 

where 

do = tr(/C^( B ')£) • (A.7) 

Finally, in case B' is holomorphic and it also satisfies (¡A.6p . we can find an SU(n + l) instanton 
by solving the ñow equation 

d tí p + rup+ |(1 - d ) - exp f 2^±I J y dtj = . (A.8) 

Requiring that the solutions of this equation correspond to bounded instantons leads to the 
condition that do < 1. In this case, this ñow equation is quite similar to the one we studied 
in section 01 We can use the same type of reasoning we used there to argüe that there are 
bounded solutions only if Cq = 1 — do. These solutions have dtf = both at the IR and the 
UV and 

This implies in particular that 

JC^^ fj (B IR ) = , (A. 10) 

that is, the connection B approaches a HYM connection over the EK n base at the IR. The 
remaining parameter c\ is determined by B uv as 

el = -^ I ytr(/C^ J ( J B^)S) . (A.ll) 

The upshot of this discussion is that any bounded instanton constructed using the ansatz of 
section H]is described by a Higgs-Yang-Mills ñow that in the IR approaches a HYM instanton 
over the EK n base (and therefore also = 0). In this paper we were able to explicitly 
construct instantons that approach the spin-connection at the apex of the cone. However, 
the analysis of the present appendix suggests that other solutions (obeying this ansatz) might 
exist that approach other HYM instantons over the EK n at the IR. Let us recall the conditions 
imposed on these instantons. Writing T = C + Ida these can be summarised as 

T 2fi {C') = , KPTqiC') = 2(n + l)cgl , (A.12) 

and 

de + C A e = , {de + C' A e) A J"" 1 = . (A.13) 

That is, our problem boils down to a search for an U(n) HYM instanton on the EK n base, 
such that its connection C satisfies (]A.13¡) . and differs from the spin-connection (on the EK n 
space). The constant Cq is (up to a constant) the first Chern number of the U(n) bundle with 
connection C' . 
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